ON THE PROFILE OF SIGN CHANGING SOLUTIONS OF AN 
ALMOST CRITICAL PROBLEM IN THE BALL 
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Abstract. We study the existence and the profile of sign-changing solutions 
to the slightly subcritical problem 

—Au = \u\ 2 *~ 2 ~ e u in B, u = on 90, 

where B is the unit ball in M. N , N > 3, 2* = anc ' £ > is a small 

parameter. Using a Lyapunov-Schmidt reduction we discover two new non- 
radial solutions having 3 bubbles with different nodal structures. An interesting 
feature is that the solutions are obtained as a local minimum and a local 
saddle point of a reduced function, hence they do not have a global min-max 
description. 
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1. Introduction and main result 
The paper is concerned with the slightly subcritical elliptic problem 
(1.1) - Au = \uf- 2 - e u in n, u = on dVL 

where f2 is a smooth and bounded domain in M. , N > 3, e > is a small parameter. 
Here 2* denotes the critical exponent in the Sobolev embeddings, i.e. 2* = 
This problem has received a lot of attention, in particular with respect to investi- 
gating the lack of compactness of the critical problem where e — 0. Whereas most 
papers deal with positive solutions and their blow-up behavior as e — > we deal 
with sign-changing solutions. 



In [2 5) Pohozaev proved that the problem (1.1) does not admit a nontrivial 
solution if fl is star-shaped and e < 0. On the other hand problem JO]) has a 
positive solution if e < and f2 is an annulus, see Kazdan and Warner [21] . In 



[3] Bahri and Coron found a positive solution to (1.1) with e = provided that 
the domain ft has a nontrivial topology. The slightly supercritical case e < was 
studied in [T31 HH HE1 [53] where the authors proved solvability of ( |1.1[ ) for e < 
sufficiently small in a domain with one or more small holes and found positive 
solutions which blow up at 2 or more points of the domain as e goes to zero, i. e. 
appropriately scaled solutions u e converge, as e — > + , towards a sum of delta 
distributions. 

In the subcritical case e > 0, the Rellich-Kondrachov compact embedding the- 
orem ensures the existence of at least one positive solution and of infinitely many 
sign changing solutions. In [11] [TB] [20] [26] [28] it was proved that, as e — > + , the 
least energy positive solution blows up and concentrates at a point £ which is a 
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FIGURE 1. The nodal structure of the solutions with 2 peaks, 
peaks, 6 peaks found in [7]. 



critical point of the Robin's function of f2. Successively, in [4[[27] it was studied the 
existence of positive solutions of ( |1.1[ ) with k > 2 blow-up points. In particular, 
in |17j it was proved that in a convex domain problem ( |1.1[ ) does not admit any 
positive solution blowing up at k > 2 points. 

Concerning sign-changing solutions we mention the papers 13 [9] where the 
authors provide existence and multiplicity of sign-changing solutions for more gen- 
eral problems than (1.1). However, these papers are not concerned with the nodal 
structure of the solutions. The question whether the nodal surface 

Af(u) := clos {x £ SI : u(x) = 0} 



of a solution ji of (1.1) intersects the boundary <9f2 has been investigated in pp. 
The number and shape of nodal domains is also important when one investigates 
competing species or phase separation problems in systems like 

|2*-2- 



-Av 



f -v + PG v {v,w), 



(1.2) 



-Aw = \w\ r ~ 2 ~ e w + /3G w {v,w), 



It has been proved in |13j . under appropriate conditions on G modeling the com- 
petition, that as /3 — > — oo positive solutions (vp^wp) of (1.2) converge towards 
(v , w), such that v ■ w = and u = v — w solves Thus the nodal domains of 

u correspond to the domains where the competing species u, w live. 

In [7] a solution with exactly one positive and one negative blow-up point is 
constructed for problem ( 1.1 ) if e > is sufficiently small. The location of the two 



blow-up points is also characterized and depends on the geometry of the domain. 
Moreover, the authors proved that when is a ball, for any integer k there exists 
a solution with k positive peaks and k negative peaks which are located at the 
vertices of a regular polygon. In particular, the nodal regions of these solutions 
always intersect the boundary (see Fig. [I]) . 

All the previous results deal with solutions with many simple blow up points.. 
The presence of sign-changing solutions with a multiple blow-up point is observed in 
[2"2] and [53] for problem (1.1). In these papers the authors obtain solutions which 
have the shape of towers of alternating-sign bubbles, i. e. they are constructed as 
superpositions of positive bubbles and negative bubbles blowing-up at the same 
point with a different concentration rate. As a consequence, the nodal regions of 
these solutions shrink to the blow up point as e goes to zero. We also mention the 
paper [ID] , where the authors study the blow-up of the low energy sign-changing 
solutions of problem (1.1) and they classify these solutions according to the con- 
centration speeds of the positive and negative part. In particular, they obtain some 
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Figure 2. The nodal structure of the solution with 4 peaks from [BJ. 

qualitative results, such as symmetry or location of the concentration points when 
the domain is a ball. 

Recently, the authors investigated the existence of solutions in a convex and 
symmetric domain blowing up positively at k points and negatively at I different 
points which are aligned with alternating sign along the symmetry axis as e — > + . 
The case k = I = 1 has been settled in [7], the case k = I = 2 in [BJ; (see Fig. [2]). 
Other cases, where k = l>3 or k — l~ 1, remained open. In fact, this type of 
solutions seems to be very hard to find. 

In the present paper we are able to prove the existence of a sign changing solution 
which blows up positively at one point and negatively at two points when = B 
is the open unit ball in R w . In order to formulate the result we introduce the 
functions 

/ X \ (N-2)/2 

(1.3) U s ,s(x)=a N l 2 + ]x _^ 2 ) , a N = (N(N-2))( N -V/\ 

where S > and £ £ M. N . These are actually all positive solutions of the limiting 
equation 

-AU = U 2 "~ 1 in R N 

and constitute the extremals for the Sobolev's critical embedding (see [21 [T2l |2"5] ). 
Let P : I? 1,2 (]R Ar ) — > Hq(B) denote the orthogonal projection with respect to the 
scalar product (u,i>) = (Vw, Vw)i2. 

Theorem 1.1. There exist Eq > and for < e < Eq solutions ±wi e ,±U2 £ € 
Hh{B) of 

(1.4) - Au = \uf- 2 - e u in B, u = 0ondB, 

with the following properties. 

a) The solutions are nonradial and even with respect to x\, . . . ,xn, and their 
limiting behavior as e — > is of the form 

Ui, B = PZ7 7ti „,o - PU s ^^ c - I'l „ . ; + 0(e) in H%(B) 

where 7 i>e ,5 i)E > and £ i>e G B\ {0}. 

b) Ti.e/s an d <5i,e/s are bounded away from and oo, hence the solution Ui^ e has 
one positive blow-up point at and two negative blow-up points at ±£j iE . 

c ) The blow-up points e are bounded away from and OB, and they satisfy 

< < |6,e| < i. 

TTie exterior normal derivative of U\ e changes sign on dB, whereas the exte- 
rior normal derivative of U2, 6 is strictly positive on dB. 
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Figure 3. The nodal structure of the two solutions with 3 peaks 
from Theorem IL11 



Remark 1.2. a) As a consequence of Theorem \l.l\ d) the nodal surface M{u\_ E ) of 
u\ yE intersects the boundary, and the nodal surface J\f(u2, e ) ofu-i^ does not intersect 
the boundary (see Fig. 

b) Since the ■problem is radially invariant, for any A € O(N) the function u o 
A solves \1A\ if u does. Hence the solutions and the blow-up points ±£j, E are 
determined up to rotations. 

c) The proof shows that the solutions [e, (e, W2,e) He on connected sets 
Ci,C2 C (0,£o) x Hq(B), respectively. We expect that Ui. e ,u 2 , £ are the only so- 
lutions of (1.4) having the form as described in Theorem and consequently, 



:(0,e )^H^(B), e ^ u i)S) (t = l,2) 



that the maps 

Ui 

are continuous; see Remarks \2.J\ pO[ 

d) The energy of u\^ e is larger than the energy of ui, e . The Morse indices m(ui )£ ) 
of the solutions differ by 1, i. e. m(ui^) = m(u2. e ) + 1- It follows from 1, Theo- 
rem 1.2] that m(u2 l£ ) > N + 1. From a Morse theoretic point of view the topology 
generated by M2, e , the solution with smaller energy, is canceled by Ui, s . 

The proof of Theorem |1.1| relies on a well known Ljapunov-Schmidt proce- 
dure. This will be recalled in Section [2] where we reduce the problem to a finite- 
dimensional one. In Section [3] we prove the existence of two critical points (one 
local minimum point and one local saddle point) of the reduced energy. These two 
critical points generate the two solutions of problem (1.4). Finally, in Section [4] we 



show that the normal derivative of the solution generated by the minimum point 
changes sign on the boundary, while the normal derivative of the solution generated 
by the saddle point does not change sign on the boundary of the ball. 

It seems very hard to generalize this result to more general domains, except 
for small perturbations of the ball. Even the case of an an ellipsoid seems to be 
very difficult. In fact, in the case of the ball the Green's function of the Laplace 
operator is known and it allows to find the two local critical points of the reduced 
energy essentially by direct computations. In general, the Green's function is not 
explicitely known and so it becomes very difficult to find critical points of local 
type, i. e. local minima or local saddle points. A global min-max scheme to obtain 



these solutions does not seem to be possible according to Remark 1.2 d). 

2. Setting of the problem 

The proof of Theorem is based on a finite dimensional reduction procedure. 
We sketch the procedure here and refer to [7] for details. To begin with we introduce 
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scaled versions of the functions from (1.3): 

Ux, P = U\* B ,(p.O), A > 0, pe (0,1); 
here (/),0)e8cRx R™ -1 . We look for symmetric solutions of (1.4) of the form 
(2-1) u e := PU{ fi - PUl p - PUl_ p + <f> 

with A, p > 0, p G (0, 1), and <f> = 0(e). Moreover, (f> belongs to a suitable space 
defined below. It is useful to recall that 



PU s , c (x) = U s , e (x) - lN S^ N -^ 2 H(x,0 + O ^( JV + 2 )/ 2 /(dist(^ ! 9B)) 



where 7jv > is a constant and the function H is the regular part of the the Green's 
function G of the Laplace operator in the ball, i. e. 

G ^V)= \ X -y\N-2 H ^V) = Q x \2\ y \2 + \ _ 2 ( X} y))(N-2)/2 ' 

By the principle of symmetric criticality critical points of the energy functional 

J e : Hl(B) -> K, J e (u) = i / |Vu| 2 da: - — !— / M 2 *-^, 

constrained to the subspace 

H e := {u G Hq(B) : u is even in X\, . . . ,Xm} C Hq(B), 



are solutions to problem (1.4). In order to define the space for we set 

Kt u , p := span (p ( , P ( S: u Z.p) > P I ITT^. J ) c ^ 



and 

(^A,^ := {0 e : (0,VO = for any € C H e . 

Here (it,f) = (Vu, Vw)^2 will be used as inner product on the Hilbert space H e . 
We write ||u|| = ||Vu||l2 for the associated norm on H e . 

We first solve an intermediate problem for <f> (see [7]). Define 

■■= pui q - pui p - pui_ p1 

with (A, p, p) G T> := (0, oo) x (0, oo) x (0, 1), and, for any 77 > small, 

X>„ := (77, r 1 ) x {V, V' 1 ) X (t), 1 - r)) C D. 

Lemma 2.1. for 77 > small there exists E\ > and a constant C > suc/i £/ia£ /or 

eac/i e £ (0, £1) and each (A, /1, p) G 2?,, £/iere exists a unique (f> — <f)\ p p G ^ p ^ 
satisfying 

a(v^, p + 0) + in%, P + <^i 2 *- 2 - £ (^ + 0) e #s, M ,„ 

and \\<p\\ < Ce. Moreover, the map D v 3 (A, p, p) i-> 0^ € i2 e is 0/ c/ass C 1 . 

Now we introduce the reduced energy functional 

J s : 23, -► K, J £ (A, p, p) := J e (Vjf i/tlP + . 

where ^ has been constructed in Lemma|2.1l The next result (see [4]) reduces 
the original problem (1.4) to a finite dimensional one. 

Proposition 2.2. The point (X, p, p) G is a critical point of J e if, and only if, 
the corresponding function u s — V£ + 4>\ is a solution of (1.4). 

Now we expand the reduced energy. 
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Proposition 2.3. We have 

(2.2) J e (X,p,p) = a N + c 2N e log e + c 3N e + c 4N eF(X, p,, p) + o(e) 

C -uniformly on compact sets ofV. Here the Ci^'s are positive constants which 
depend only on N . Moreover 

(2.3) F(X, p, p) := aX 2 + 2p 2 a{p) + 4Ap/3(p) - c n In A - 2c n In p, 
with cn a positive constant depending only on N , and a := H (0, 0) = 1, 

a(p) := H((p, 0), (p, 0)) - G((p, 0), (-p, 0)) 
1 1 1 

- (1 _ p2)n-2 _ ( 2/9 )W-2 + ( 1+p 2)AT-2> 

/3(p) :=G((p, 0),(0,0)) = -^-l. 

Proof. The proof proceeds as in [13 [16]; see also [3 Proposition 3.1]. □ 

Remark 2.4. J/iV < 6 then the original functional is of class C 3 fore small, hence 
the map D q 3 (A, p, p) H> <jf x G H e from Lemma 2.1 is of class C 2 . Then the 



reduced functional J e is of class C 2 , and it can be proved as in [191 Proposition 2.3] 
that the expansion in Proposition 2.3 is C 2 -uniformly on compact sets ofD. 

Our main result will follow from the following proposition applied to VJ £ . 

Proposition 2.5. Let U C R m be open and bounded, and consider a one parameter 
family of maps h e : U — > W n of the form h e (x) — ef(x)+g e (x) with f,g e : U — ► K m 
of class C k , k>0. Suppose the map (0,£i) — > C k (U,M. m ), e i— > g e , isC k and satisfies 

\\g s \\c k = °( e ) as e 0- 

a) If the Brouwer degree deg(/, U, 0) 7^ is well defined and nontrivial then there 
exists So > and a connected subset C C (0, £0) x U with the following properties: 

(i) C covers the interval (0,£o), i. e. for every < e < Eq there exists x e G U 
with (e, x e ) G C. 

(ii) If (e, x) G C then h £ (x) = 0. 

(iii) Given a sequence (e n ,x n ) G C with e n —> 0, x n — > x Q , then f(xo) = 0. 

b) If k = 1 and if xq G U is a nondegenerate zero of f then there exists £0 > 
and a C x -map (0, £0) —^U,st-^x £ , such that h e {x e ) = for all e G (0, £0). 
Moreover, x £ — > xq as e — > 0. 

Proof, a) The maps s^ 1 h e = f + s~ 1 g e converge uniformly towards / as e — > 0, 
hence deg(e~ 1 h s , U, 0) = deg(/, U, 0) 7^ is well defined and nontrivial for e > 
small. The existence and the properties of C follow by standard arguments. 

b) Existence and uniqueness of x e follow from the contraction mapping principle 
applied to 

fe ■= id - e-'Dfixo)- 1 oh s =id- Df^)- 1 o f - e^D/fa)- 1 o g £ . 

For 6, £ > small f e : Bs(xq) — > B$(xq) is well defined and a contraction. Differen- 
tiability is a consequence of the implicit function theorem. □ 



Finally, the propositions 2.3 2.5 and [3 Lemma 4.5] imply the following exis- 
tence theorem. Observe that F is analytic, hence a critical point (A, p, p) of F is au- 
tomatically isolated, and its degree, deg(F, (A, p, p)) := deg(VF, Ug(X,p, p), 0) G Z 
for 5 > small, is well defined. 

Theorem 2.6. Let (A,p,p) be a critical point of F with nontrivial degree. 

a) There exist e > and a connected subset C C (0,f) XP with the following 
properties: 
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(i) C covers the interval (0, i) . 

(ii) If (s, A,p,p) € C then vJ £ (A,/i, p) = 0. 

(iii) Given a sequence (e n ,X 

ftm Pn) £ C with £ n ^ ; then (A n ,/i n ,p n 

(A,p,p). 

(iv) Setting 

C:={(s,u):u = V^ p + cj>i^ p , ( £ ,A,p,p) eC}c (0,e) X ^(B) 
i/ien any family (e, u e ) € C converges in C\ oc (fl \ {(0, 0), (p, 0), (— p, 0)}) 



(2.4) 



1 



: (x) -> aAr(AG(a;, 0) - pG(x, (p, 0)) - p,G(x, (—/J, 0)) as e -> 0. 



6j J/ (A, p, p) is a nondegenerate critical point of F then the set C from a) is the 
graph of a C x -map (0, e) — > I?. Correspondingly, the set C is the graph of a C l -map 
(0,e)->ff l (B). 



3. The existence of two solutions 
In this section we will prove Theorem [Til a), b), c). 
Lemma 3.1. The function F from (|2.3[) has two isolated critical points (Ai, pi, pi) 



and (A2, P2, P2)- The first one is a local saddle point with Morse index 1, hence it 
has degree deg(F, (Ai,pi,pi)) = — 1. The second is a strict local minimum, hence 
deg(F, (Ai,pi,pi)) = 1. Moreover, px < \ < p 2 . 

Postponing the proof of this lemma we first deduce the 



Proof of Theorem 1.1 a), b), c). Let Ui, e be the solution of (1.4) corresponding to 
the critical point (Ai, p,, pi) of F from Lemma 3.1 Then the blow-up property of 
Theorem 1 1.1 1 a) is satisfied by construction (see Theorem 2.6 1 with 

/- { c\\ T*,£ I~\ ^i.e 1 — 

&,e {Pi,U), — ► V Ai, > VV-i, 

£ £ 

as £ — > 0. Properties b) and c) of Theorem 1 1 . 1 1 follow immediately. □ 

Theorem |1.1| d) will be proved in the next section. 

Remark 3.2. We conjecture that F has precisely two critical points. Then we 
obtain continuous curves 



(0,£ O )^H e dH^(B), £^ 



(i = l,2) 



of sign changing solutions Ui tB to problem ( |l.4[ ) as stated in Remark 1.2 If N < 6 we 
checked numerically that the two critical points from Lemma 3. 1 are nondegenerate, 
hence Theorem 



2.6 implies that the two curves are of class C 1 . 



Proof of Lemma 3.1 First of all, it is useful to point out that, since a' > 0, 
a {p) ~~ ^ ~°° as p — > 0, 01(5) > 0, there exists po € (0, |) such that 



a(po) = and a(p) > for any p 6 (po, 1). 



We have 



d x F{\p,p) = 2A + 4p/3(p) 



cjv 



d M F(A,p,p)=4pa(p)+4A/3(p) 



2c N 



A ' p 
Then for any p € (po, 1) there exist unique A(p) and p(p) such that 

V A)M F(A(p),p(p),p) = 0. 
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More precisely, 

(3A) p{p) = 2a( P ) + 2A( P m P Y X{P) = h{p)p(p) 

where 

(3.2) AM :- ffijfl^ > 0. 

We remark that the Hesse matrix D\ ^F '(A(p) , fi(p) , p) is positively definite and in 
particular non-degenerate. In fact, since V \^F(\(p), p(p), p) — 0, an easy compu- 
tation shows that 

Dl li F(X(p),p J (p),p)= [A(P " 2cn 

16 | ' ' Hp) ^ 

J(p) 2a(p)+A(p)/?(p), 
Then trD\ li F{\{p), p,(p), p) > and 

det£>^F(A(p), p(p),p) = 16 (^Mp) + Mp)P(p) + ^f^ ) > «• 
Now, let us consider the reduced function 

(3.3) f(p) := F(X(p), p(p), p) = ^c N - c N log [\{p)p 2 {p)\ , p E (p , 1). 

Since / : (po,l) ^ K is analytic, critical points are either strict local maxima or 
minima. If p\ is a local maximum of / then (A(pi), p(pi), pi) is a critical point 
of F with Morse index 1 and degree —1. If p2 is a local minimum of / then 
(A(p2), p(P2), P2) is a local minimum of F with degree +1. 
Observe that 

(3.4) lim /(p) = — oo and lim /(p) = +oo. 
p^p+ ' ' p->i- ' 

In fact, since a(p ) = we get as p —¥ p^ 

A(p)~a(p), ^)~MP)) _1/2 , A(p) ~ (a(p)) 1/2 

which imply 

A(p)p 2 (p) — > +oo and /(p) — > — oo as p — > pj. 
Moreover, as p — > 1~ we have 

~ 71 ~7WV=2 ' ~ -P' A (^) ~ V^P) ~ , 

I 1 _ P) (1 - p) 2 

which imply 

TV — 2 

p(p) <~ (1 — p)^~ , A(p) <~ 1 and /(p) — > +oo asp^l~. 
We claim that 

(3.5) /'(i) < for all TV > 3. 

Then it follows that / has a local maximum point p^ < \ and a local minimum 
point p 2 > \. 
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An easy computation shows that 

j» - d\F(X{p) ,p[p), p) X' (p) + d li F(X(p),p(p),p) f i'(p) + d p F(X(p),p(p),p) 
= d p F(X(p),n(p),p) 

= 2 ( M (p)) 2 a'(p) + MP)MP)P'(P) = 2 (MP)) 2 (<*'(/>) + 2A(p)/3'(p)) . 
Thus setting 

f(p) 



(3.6) 



X(P) 



= a>(p)+2A(p)/3>(p) 



we need to show that x{\) < 0- 

For N — 3 this can be checked explicitely. Next observe that 



(3.7) 
because 



-4\ JV-2 



4^ N-1 

5 



if A > 4 

4 N JV-2 i 



< 3 



< *2 JV - 1 
~ 4 



■(£)-(!) 

< 1^-3(2^-1 _ 4 ) + i) = If (I) if TV 



> 4. 



Then, by (3.7 1, using the inequality 
(3.8) 



vT+lc — 1 > -x for any x £ (0, 1), 
5 



for N > 4 we get 
(3.9) 



< a' 



We compute 

and 
and 



*(i)-'(i)+*G)(f^H'(i) 

AT- 2^ \2/ 



4 N JV-i 
5, 



)iV-l 



0(1) (|)iV-2 _ ! + (4 f -2 ^ (4^-2 _ ! + (4^-2 

0(f) 



2 iV-2 _ ! 



2 JV-2 



Therefore, by (3.9), for TV > 4 we obtain 
1 



AT-2 



< 



< 



1 



AT-2 
4\ N ~ 1 



1 



N- 2 5/3(§) 

8 
5 



' a( ^'(^) 



f4 ^-ij(|r-H(|r 

U/ 5 2 W - 2 

'(!)' 



28/4\^-2 M\W-2 26 
15V3 Ji 



28/4\iV-2 
15 \3' 



15^3 
4(4)W- J '-' < 



We observe that ff(|) > ^ for A > 6, while, by a direct computation, 

_ < for N = 4, 5. This allows us to conclude that 

follows 



x(f) < if A > 4, hence (3.51 holds and Lemma 



3.1 



□ 



For the profile of the second solution we also need the estimate 
(3.10) 



f(p)<0 for p := ^ 1 , for all N > 3. 
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It is sufficient to prove the inequality x{p) < 0, which can be checked for N = 3, 4, 5 
by a direct computation. For the case N > 6 we first observe that 



(3.11) 

and 
(3.12) 



t 



v / T+t-l>3 Vie [0,3], 



1 + f > 2p > pV 1 + p 2 > 1 



In order to use (3.11 ) we need to check that 

Aa{p) 



(3.13) 



< 3 if N > 6. 



In fact, (3.12) implies 
4a(p)-3/? 2 (p) 

= 4 



1 



1 



< 



(1 -p 2 ) N ' 2 
10 3 

~ ;2iV-4 



N-2 



(l + P 2 ) 



2\N-2 



7.2N-A 



+ 1 



^N-2 



~N-2 



P 



and so (3.13) follows because p < (jq) N 2 for N > 6 



Therefore, by the definition of A in ( |3.2| , using (3.11) and (3.13) we deduce 
(3.14) A(p) > jg| > 2 -a(p)p N -* for TV > 6. 



Now, ( |3.12 ) and (3.14) combined with the definition of x in (3.6) imply for N > 6: 



X(p)<a , (p)-^(JV-2)^ 
3 p 



2{N -2) 

2(iV-2) 
3^™ 



5p 2 - 2 7p 
(1 -p 2 )^- 1 + (2p)^-! 



5p 2 



(1 



5p 



2 jv-i 



(5p 2 



1 



Af-1 N 



< 0. 



The last inequality follows for N = 6 by an explicit computation. For N > 7 observe 



r decreases as N increases, and 5p 2 — 2 + tj^t < for 



that the term 5p 2 - 2 + ^ 
N = 7. 

This finishes the proof of x(p) < for N > 6, hence (3.10) holds. As a conse- 
quence we obtain pi > p. 

4. The profile of the solutions 

In this section we prove Theorem |l.l| d). Let u\ e and U2 e be the solutions gener- 
ated by the critical points (A(pi), A*(pi), Pi) and (A(p2), m(P2), p-i) of F, respectively, 
as stated in Theorem 2.6 Here A(p) and p(p) are from (3.1 ), and pi, p2 are the two 
critical points of the reduced function / from (3.3). Recall that < po < pi < \ 

^ < P2 < 1. 



and p 



As a consequence of (2.4) we deduce that in a neighborhood il of dB not con- 
taining the blow-up points there holds 

Uie{x) r -> ¥>(Pi, x) := A(p,)G(x, 0) - (p,, 0)) + G(x, (- Pi , 0))) in C^il) 

as e goes to zero. Here A has been defined in ( |3.1[ ) and ( |3.2[ ). 
It follows that the exterior normal derivative satisfies 



d v ip(pi,x) = (N- 2)ip(p i ,x 1 ), xi e [-1,1], 
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where 

(4.1) ^(p, Xl ) := -A(p) + (1 - p 2 ) 
Defining 



(p 2 + 1 - 2px 1 ) A 7 2 (p 2 + l + 2p Xl ) N /< 



M (p) := max $(p, Xl ) = ^(p, 1) = -A(p) + (1 - p 2 ) 

Fi|<l 



1 



1 



and 



(1-p)* (l + p) w 
1 



we immediately obtain: 

m(pi) > => dviii^ does not change sign in 30, 

and 

m(/9i) < < M(pi) =$> d u Ui, £ does change sign in 90. 
Thus Theorem |1.1| d) follows if we can show that 

(4.2) m(pi) > 0, 
and 

(4.3) m(p 2 ) < < M(p 2 ). 
For the proof of these inequalities we first observe that 

V/? 2 + 4a) + 2a' 



(4.4) 



A' 



2 N //? 2 + 4a 



> for all p e (p , 1), 



since /?' < 0, a' > and a > in (po, 1). Moreover, using (4.4), a simple calculation 
shows that 



(4.5) 



m'(p) < for all p G (p , 1). 



Proof of (4.2). By (4.5) it suffices to prove that 
(4.6) m(-) > 0. 

This can be checked for N — 3 by explicit computation. For N > 4 we argue as 



follows. Using the inequality vl + x — 1 < § for x > we obtain 



> 



1(1) 



2 W-2 _ ! 



3 /4\^/2 
2 



Therefore we only need to show that 



4 \ 



N 



s Vv/iJ ' 2 V. 



A J 



JV-2 



This is easily checked for N = 4, and then it holds for all TV > 4. 



□ 



Proof of (4.3 1 . First of all, we remark that M(p) > for any p such that \{p) = 
where x has been defined in (3.6). In fact, x(p) = implies A(p) = — 2jjfp) an< ^ so 



(4.7) 



iJV-1 



M(p) = 



((l + p)" + (l-p)*-p")_(i_p2)"-i 



(l + p 2 )^- 1 2 W -!(1 -p 2 )^- 1 

because a direct calculation shows that 

2*- 1 ((1 + P ) N + (1 - p) w - p W ) - (1 - p 2 )^ 1 > for any p e [0, 1] 



>0, 
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As a consequence we obtain M{p.i) > because x(Pi) — 0- Now it remains to 
show that m{pi) < 0. Since m is decreasing in p and p2 > p it suffices to prove 
m(p) < 0. Using ( |3.12| and ( |3.14[ ) we obtain 



m(p) < 



< 



JV 



AT-2 



2 1 



32 



AT-2 



2 

3 V 1 



AT-2 



3 \1-P 2 



2 ,2 



P 2 



2p 



JV 



+ 3(l-p 2 ) 




The last expression is negative for N = 6, hence for all N > 6. For AT = 3, 4, 5 we 
show m(p) < by an explicit computation. □ 
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